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ABSTRACT 


The main purpose of this thesis is to compute the homeotopy 
and isotopy groups of various spaces of homeomorphisms of orientable 
2-manifolds with boundary. The space H(M) of homeomorphisms of the 
manifold M is given the compact open topology under which it forms 
a topological transformation group on M. The homeotopy group of the 
manifold M is defined to be the isotopy classes of H(M) and we 
similarly define the subhomeotopy group for a subspace S of H(M) 
which is called the isotopy group of S. Further, for n> 1, we 
consider the nth homotopy group of the space of homeomorphisms. 

In Chapter I we prove the preliminary fundamental theorems about the 


isotopy relations of homeomorphisms on 2-manifolds with boundary. 


In Chapter II we calculate the homeotopy and isotopy groups 
for the orientable 2-manifolds with boundary holes. By extending the 
concept of the winding number defined by H. Gluck, for the manifold 
M obtained from the 2-sphere by removing the interiors of three 
disjoint subdisks, we show that the isotopy group of the subspace of 
homeomorphisms fixing Bd(M) pointwise is the direct product of 
three copies of the integers, and the homeotopy group of M. is the 
direct product of the group of order 2 and the symmetric group on 
three letters. For the orientable 2-manifold M with n boundary 
holes, it is shown that the homeotopy group is homomorphic to the 


me : 
group s x J, with kernel StH) 1, the isotopy group of the 


A 


subspace of the homeomorphisms which fix n boundary curves setwise 


with orientations preserved. 
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(ii) 
In Chapter III we consider homeomorphisms of the manifold 
MM, obtained from the 2-sphere by removing the interiors of n disjoint 
subdisks. The isotopy groups of various subspaces of homeomorphisms 
of M are represented as the subgroups of automorphisms of the 


homotopy group 7, QE 2X)» 


Chapter IV deals with the isotropy groups at an interior 
point. By using the homeotopy exact sequence, we calculate the isotopy 


and nth homeotopy groups of the isotropy group for certain orientable 


2-manifolds. 
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CHAPTER O 


INTRODUCTION 


One of the main problems in algebraic topology has been to 
classify and characterize spaces by means of topological invariants 
which are algebraic in character. A ptepzaes toward the goal will 
require new algebraic invariants which are not homotopy invariants. 
Related to this is certainly the homeomorphism group H(X) of a 
space X onto itself. As might be expected, the compact open 
topology is a natural choice for H(X). In fact, Arens [3] showed 
that if X is locally compact, locally connected and Hausdorff, then 
the compact open topology is the smallest topology on H(X) in which 
H(X) forms a topological transformation group of xX. Thus, in what 


follows H(X) will always be given the compact open topology. 


Lett = [Oli]. “For Ags hy e H(X), we define Ao to be 


isotopic to h, (denoted by h, % hy) if and only if there is a 


i 0 
continuous function G°: X.x-I > X such -that (i) C(x, 0) = hy (x) » 
Caz) G(x ft) = hy (x) and (iii) for each fixed t e I, the function 
G, e H(X), where G, is defined by G(x) erGtx ty) “Loreale xe XN. 
The homeotopy group of X is defined to be the group of the isotopy 
classes of H(X), which will be denoted by M(x) and “*fht” will 
denote the isotopy class of a homeomorphism h. It can be redefined 
equivalently as follows. Let HO (x) denote the arc-component of : 
the wdentity e “in “HEOl then HS (X) is a normal subgroup of 


H(X) and the homeotopy group MX) = H(X) /H, (X) is the group of 


arc-components of H(X). The equivalence relation defined by Ho (X) 
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is also isotopy. 


We can also define the isotopy relation in a subspace H?’(X) 
of H(X) and the subhomeotopy group in a similar way, which we will 
etinctiat call the isotopy group of H’(X). For xe X, the 
isotropy group at x will be defined to be H(X,x) = {heH(X) |h(x)=x}. 
The nth homeotopy group of X is defined to be the nth homotopy 
group of the space of homeomorphisms. We note that 
7 [H(X) ] = H(X) /H, (X) = Mx). The homeotopy groups are thus topological 
invariants (up to isomorphism) of a given space X and homotopy 


invariants of the homeomorphism group of. X. 


In the main part of this thesis we shall assume for simplicity 
that the manifolds are given a piecewise linear structure, and all 
homeomorphisms, isotopies, imbeddings of arcs, etc., are in the piece- 
wise linear category. This is in fact no real restriction, since it 
follows from ([6], Appendix) that the results also hold in the general 


topological category. 


A brief history of the present work is, to the best of our 
knowledge, as follows. J will denote the group of integers, i the 
direct product of k copies of J, and J, the integers mod 2. In 
1914, Tietze showed that the homeotopy group of.the 2-sphere is 
J,[23]. This was proven again by Kneser in 1926 [14], Baer in 1928 [4], 
Schreier and Ulam in 1934 [21], and most recently by Fisher in 1960 [7]. 
In [14] Kneser also obtained a result that the homeotopy group of the 
Tietze [23] and Smith [22], in 1914 and 1917 respectively, 
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pointwise fixed is homotopic to the identity through a family of 
homeomorphisms which leave the boundary pointwise fixed. In 1917, 
Veblen [24] proved that a homeomorphism of the closed n-cell which 
leaves the boundary pointwise fixed is homotopic.to the identity 
through a family of imbeddings of the closed n-cell onto n-space 
which do not necessarily map the n-cell onto itself. This latter 
result was modified by Alexander who, in 1923, proved that the space of 
homeomorphisms of an n-cell onto itself leaving the boundary pointwise 
fixed is contractible [2]. This result has been a most important tool 
for further development in this area of study. In 1958, Hamstrom and 
Dyer proved that the space of homeomorphisms of the closed annulus 
onto itself leaving one of the boundary holes pointwise fixed is 
contractible [9]. In 1962, in terms of the winding number of a 
homeomorphism of the annulus, Gluck proved that the isotopy group of 
homeomorphisms of the closed annulus onto itself leaving the boundary 
pointwise fixed is J [8]. He also showed that the homeotopy group 


of the annulus is J, x J In 1962, Hamstrom proved that the identity 


2 2 
component of the space of homeomorphisms on a disk with holes leaving 
its boundary pointwise fixed is homotopically trivial [10], and in 
1965, showed a corresponding esa tt fora terus [11]. In, 1966, 
Hamstrom also proved that if M is a compact orientable surface with 
boundary and two or more handles and S is the identity component of 
the space of homeomorphisms of M onto itself which leave Bd(M) 
pointwise fixed, then S is homotopically trivial [12]. In 1962, 
Lickorish observed that any orientation preserving homeomorphism h 


of a closed connected orientable 2-manifold M is isotopic to the 


product of a sequence of homeomorphisms supported on annuli in M gael iy 
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In 1964, he produced a finite collection of annuli. on a closed 
orientable manifold M, whose corresponding homeomorphisms generate 
all orientation preserving homeomorphisms of M [16]. In 1968, 
Quintas listed in [20] the known results along these lines as well as 
the unsolved open problems some of which have been solved in this 


thesis. 


Basic Notations 


M will denote an orientable 2-manifold with n boundary holes. 


HM) = fhe HM) | h is orientation preserving on M4 

H (M) = fhe H(M_) | h is orientation reversing on M3 

HLM) = fhe HM) | h(C,) = C, for certain m boundary curves C,} 
HM.) od hie H(M ) | h =e on certain t boundary curves} 

H(M) = H'(M.) 9 HCL) 


HM.) is similarly defined for certain m and t_ boundary curves 
where m+t< n andthe m holes are different from the t_ holes. 
Let H’ (MD be a subspace of H(M ). Then ST J will denote 

the isotopy group generated by the isotopy classes of H’ (MD classified 
by the isotopy paths in the same space H’(M)- If the isotopy paths 

are taken in a different space G, then we denote by J fH? 0) the 
isotopy group generated by the isotopy classes of H°(M_)- S will 


denote the symmetric group on n_ letters. 


In Chapter I the preliminary fundamental theorems are given 
for use in the later chapters. We prove that if lassi iy is a finite 
collection of arcs in a 2-manifold M with boundary such that 


(i) each O. connects boundary points with Int (a) c Int(M) for 
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fotxedch phietL, BGlidsire, a, =o for i#¢j and (iii) cutting 
M along the a,'s leads to a disk, then a homeomorphism h _ such that 
h =e on Bd(M) and h(a,) 0, for each ie I, is isotopic to the 
identity on M by an isotopy fixing Bd(M) pointwise. It is also 
shown that if MW is an orientable 2-manifold with n boundary holes 
and h a homeomorphism in HM)» een h must have the same 


orientation on all the boundary curves. 


In Chapter II we calculate the homeotopy and isotopy groups 
for the orientable 2-manifolds with boundary holes. By extending the 
concept of the winding number defined by Gluck [8], for the manifold 
M obtained from the 2-sphere by removing the interiors of three 
disjoint subdisks, it is shown that the isotopy group of the subspace 
of homeomorphisms fixing Bd(M) pointwise is J x J x J, and the 


homeotopy group HY (M) 13. 9S ,.eK, We also calculate the isotopy 


3 2° 
groups of various subspaces of H(M).. For the orientable 2-manifoid 
M with n boundary holes, it is shown that the homeotopy group 

SH M,) is homomorphic to the group S, x J, with the kernel 
S tH 4) 1. Similar results are obtained for the subspaces HOt 


t 
and HOt: 


In Chapter III we consider homeomorphisms of the manifold 
M obtained from the 2-sphere by removing the interiors of n 
disjoint subdisks. The isotopy groups of various subspaces of H(M) 
are represented as the subspaces of Qin, (Mx) 1, the group of 


automorphisms of the homotopy group 7m, (4 9x) with x, © Bd(M_). 


Finally Chapter IV deals with the isotropy group at an 
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interior point. By using the homeotopy exact sequence, we calculate 
the isotopy and nth homeotopy groups of the isotropy group for 
certain orientable 2-manifolds. It is shown that if D is a disk 
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CHAPTER I 


ISOTOPY RELATIONS 


In this chapter we give some fundamental theorems which will 
be needed in the sequel. In particular theorems about the isotopy 
relations and orientations of the homeomorphisms of an orientable 


2-manifold are considered. 


Lemma 1.1 (Alexander [2]). The space of homeomorphisms of a closed 
n-cell onto itself which leave the boundary of the n-cell pointwise 


fixed is contractable. 


Definition 1.2. An isotopy of a topological space X is a collection 
{G,}, 0 < t < 1, of homeomorphisms of X onto itself such that the 
mapping G:Xx I+X defined by G(x,t) = G(x) is continuous. An 
isotopy which moves no point on Bd(X) is called a B-isotopy. h . g 
will denote that h is B-isotopic to g. 


Definition 1.3. An isotopy {G.}, 0< t< 1, is called invertible if 
the collection ico 0 < t< 1, of the inverse homeomorphisms is 


also an isotopy. 


Lemma 1.4 (Crowell [5]). Every isotopy Ge» Ox< zt Os hy; sof gadlocally 


compact Hausdorff space is invertible. 


Definition 1.5. The imbeddings - fo: fo : X > Y are ambient isotopic 
if there is a homeomorphism G: Y x I+ Y x I which commutes with 
projection on I (that is, is level preserving) and has the properties 
that. GGy,0) mi(y,0) tor-allp ye wy sand (£, x) ,1) = G(£, (x) .1) for 
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Lemma 1.6 (Epstein [6]). Let M be a 2-manifold with boundary. Let 


a and 8 be two arcs in M_ such that 
Bd(M) n a = Bd(a) = Bd(8) = Bd(M) n 8B, 


and which are homotopic keeping the end points fixed. Then they are 


ambient isotopic by a B-isotopy. 


Lemma 1.7. Let M be a 2-manifold with mn boundary holes and a be 
an arc connecting the boundary points with Int(a) < Int(M ),; and let 

h and g be any homeomorphisms in H'(M,) such that the closed arcs 
h(a) ° ioavand g(a) © ae belong to the same homotopy class in 

7, (M4 5%) where Xo is the base point on a. Then h(a) = g(a) with 
the end points of the arc a held fixed. 


-l 
Proof: Observe that if B1> Bp» © H'(M_) and 8, (a) ° 4 and 


8, (a) ° ar belong to the same homotopy class in 7, (M4 »%5) > then 
£5 8, (a) =a. Thus it is sufficient to consider a homeomorphism 


h ¢ H'(M.) such that h(a) o je <= Q with x, as the base point. 


Assuming that h(a) ° pe = 0, we show that h(a) = a 
with therend@petate, a and bathed fixed) Tet 6, 1: 0 SM) sbe 
the paths representing h(a) and a with 6(0) = (0) =a and 
6(1) = t(1) = b. We - must construct a homotopy H: Ix I ate such 
that, for every s, te I, H(s,0) = 6(s), H(s,1) = t(s) and 
H(O,t). = a, H€l,t) =. bsg, Then-the closed. arc h(a) © [Tn is represented 


by the loop 
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Since h(a) ce a = 0, there exists a map F: Ix I+ Me such that, 
for every s, te I, F(0,t) = a, F(1,t) = a and F(s,t) = f(s), 


F(s,l) = a. 


Now let q be the point (+,0) in Ix I. Then the line 


L, through q with angle of inclination (l-t)mt meets the boundary 


Of Fix I 


=(0,0 aye ee a, 
Pg= (0,0) q= (75,0) P,=(1,0) 
Figure 1 


in q and another point Ee i fie Ofea ti <4 IthaLet PO = (0,0) and 
P = (1,0). Define a homotopy K: Ix I-7*I1Ix I _ by taking K(s,t) 
to be the point which divides the segment Pd in the ratio 


s : (l-s). 


Letting H = FK, we see that, for every s, te lI, 


H(s,0) = FK(s,0) = F(5,0) = £6) = 6(s) 


H(s,1) = FK(s,1) = F(1- 310) = f(1- 3) = t(s) 
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Theorem 1.8. Let tots iy be a finite collection of arcs in a 


2-manifold with boundary such that (i) each O connects boundary 


points with Int (qa, ) cy dait Der for Gach oi cl saddt) oan , = for 


i 
i#j and (iii) cutting M along the a's leads to a disk. Then 
if a homeomorphism h has the properties that h =e on Bd(M) and 


h(a.) a Oy for each ie I, then h is B-isotopic to the identity. 


Proof: We prove the theorem by an induction on the number of the arcs 


Q.e 
L 


First we prove it for the case n= 1, Let a be an are 
satisfying the above conditions in a manifold M and h bea 
homeomorphism of M onto itself such that h =e on Bd(M) and 
h(a) = a. Since the two arcs h(a) and a are ambient isotopic by 
a B-isotopy by Lemma 1.6, there is an isotopy G, eMail Ons) Gux ds 
such that CG. =e on Bd(M), G. =e on M and Can ™ @ ‘On a. 


0 J. 


Thus by cutting M along 04a, we realize that aa is a homeomorphism 


of M’ such that Gy*h =e on Bd(M’), where M’ is the disk 


obtained from M by cutting along a. Hence Lemma 1.1 implies 
that cith is B-isotopic to the identity on M’.. Thus h is also 


B-isotopic to the identity on M. 


Now assuming that the theorem is true for the case n#k, 
we prove it for n=k+1. Let 1Oby ooo 00 00 oy yd be a collection 
of the arcs in a 2-manifold M satisfying the above conditions and 
h be a homeomorphism of M onto itself such that h =e on Bd(M) 
and h(a, ) = Os for 1 =< i<k + 1.) Then in particular we have 


h(a O keeping the end points held fixed and these two arcs 


let gaat lehh 


are ambient isotopic. by a B-isotopy. There is thus a B-isotopy 
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Oey Now cutting M along Opp? We see that Hy h isa 
homeomorphism of M’ such that oo =e on Bd(M’) and 
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Hy h(a, ) fe Os for 1< i< k, where M’ is a 2-manifold obtained from 


M by cutting along a By our assumption aah is B-isotopic to 


i. 


the identity on M’. Thus h_ is also B-isotopic to the identity on M 


kel 


and the theorem follows for any integer n> 1. 


# 


H. Gluck [8] defined the winding number for a homeomorphism 


of the annulus onto itself which fixes the boundary pointwise as follows. 


Let mn be the isomorphism of 1 (s*,0) with J which takes 


iy 
the class of the path f(t) = t onto 1. Let oa be any path in 

st “eee from? 0.0)" to.4i(O, Ll). = bet Ps : st x I> st be the natural 
projection. Then P, fa) is a closed path in st based at 0. Hence 
[P, (a) ] is an element of m, (S*,0) and n({P, (a) = w(a) is an 
integer, called the winding number of the path a. It is shown that 
if h is a homeomorphism of the annulus onto itself which fixes the 
boundary pointwise, then the number w(ha) - w(a) is independent of 


the path a) [8]% 


1 
Definition 1.9. Let h be a homeomorphism of the annulus A®#S xI 


onto itself which fixes the boundary pointwise, and a be a path in 
A from (0,0) to (0,1). Then the integer W{[{h;A] = w(ha) - w(a) 


is called the winding number of h on A. 


Definition 1.10. Let M be a 2-manifold and A _ be an annulus in 
Int(M). Then there is a homeomorphism ha of the annulus A _ onto 


itself such that WEh, 3A] = ] and hy =e on Bd(A). This 
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homeomorphism can be extended to M by the identity on M- A. We 
call the extended homeomorphism an A-homeomorphism and denote it by hy 
also. 
Theorem 1.11. Let A and A’ be two annuli which can be deformed to 


each other on an orientable 2-manifold M. Then two A-homeomorphisms 


hy and has are B-isotopic to each other. 


Proof: Since A can be deformed to A’, the internal boundary curves 
C and C’ of A and A’ respectively are isotopic. Thus there is 


an isotopy G, : MreoM, © < t <i, such that Go “e on M and 
G, (C) = C’. Hence Guhicess O< t< 1, is a B-isotopy between the 


-1 i 
homeomorphisms hy and Gjh,G, > Observing that Gjh,G, is supported 
on some annulus A’’ in Int(M) which has the common interval 
boundary curve C’ with the annulus A’, it can be shown that Be is 
B-isotopic to 2 hci We note that the winding numbers aa 
and WIG,h,G) 3477] are both one. Let A’’’ be an annulus such that 
Ae ecwA aoe tere Ww Ln 3A’] = W[h ‘A’ ],.@ 1, Since-the 

Aenea A??? & 
homeomorphism h has the winding number Wl[h cA ce 1m La and: is 
aes PEL 
supported on each of the annuli A’ and A’’. Thus Theorem 1.8 


é : -1 av) \ -l AV) 
implies that G,h,G, 5 Boss z ie and thus Gjh,G, a Das - Hence 
Ay is B-isotopic. to Prost # 


Lemma 1.12 (Hamstrom and Dyer [9]). The space of homeomorphisms of the 
closed annulus onto itself, which leave one of the boundary curves 


pointwise fixed, is contractible. 
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Lemma 1.13. Let h be a homeomorphism in HM): Then h can be 
deformed to a homeomorphism k such that k #®e on Bd(M_) » where the 


a 
isotopy path is taken in HOM)» 
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Proof: Define an annulus A, around each of the boundary curves C 
so that each C, forms a boundary curve of the annulus A, > 


A, c Int (M_) uC, and A, a ae siogfom I < ci¥- ji'< na Now we 


construct a homeomorphism g; 


h on Bd(M_) 


Then by Lemma 1.12, g | A, is isotopic to the identity on A, for 

io 1 on, Since the isotopy is allowed to move on each boundary curve 
C.> and hence g is isotopic.to the identity on MO by an isotopy 
path in H(M). Thus it is clear that tee is isotopic to the 


homeomorphism h in HM) with hee =e on Bd(M_). Letting 
k= nee, the proof is complete. 
Lemma 1.14. Let K and K’ be arbitrary triangulations of the same 


surface or of two homeomorphic surfaces. Then if one of these 


triangulations is orientable, the other is also orientable. 
‘Proof: This is Theorem 4.13 of Pach 


Lemma 1.15 (Epstein [6]). Let h be a homeomorphism of a 2-manifold 
M onto itself which fixes a base point in M. Then there is an 
ambient isotopy which is fixed on the base point and which changes h 


to a piecewise linear homeomorphism. 


Lemma 1.16. Let M bea closed orientable 2-manifold and h bea 
homeomorphism of M onto itself. Then h must have the same 


orientation on every open subdisk in M. 


Proof: By Lemma 1.15 we can assume that M is given a piecewise linear 
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structure and h a piecewise linear homeomorphism. Let 0O and 0’ 
be any two disjoint open subdisks in M and K_ be an orientable 
triangulation of M such that triangles T and T’ in K are 
contained in O and O° respectively. Thus by Lemma 1.14, h has 
the same orientation on both T and T’. Thus h must have the same 


orientation on the subdisks O and 0’. 


# 
Theorem 1.17. Let M be an orientable 2-manifold with n boundary 
holes and h be a homeomorphism in HM) Then h must have the 


same orientation on all the boundary curves. 


Proof: We assume n> 1. since otherwise the theorem is trivial. 


First we observe that h can be extended to the interiors 
0, of the boundary holes Cc. fORp gle 10S he bet C. be a boundary 


hole of Mi Let ec be the center of the hole C, and a be an 


arbitrary point on the boundary curve C Denote by [c,a] the line 


<u 


segment between c and a. Then we can obtain an extension hy of 


h on M uO, by defining as follows. he = he on = Me) and 


_ n 


h, ({e,al) = [c,h(a)] on 0, U Cc. with d(c,P) # d(c,h, (P)) for 


any “Poe [eval 
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In a similar manner, h can be extended to each of the interiors of all 


the boundary holes. 


Now to prove the theorem, we assume that h is orientation 


preserving on a boundary curve o and reversing on C.. where 


tec ek. ohne et ue be a closed orientable 2-manifold obtained 
from M by filling in the interiors of all the boundary holes, and 


h be the extension of the homeomorphism h_ to M_ Let a and 0. 
be the interiors of the boundary holes C, and Cc. respectively. 


Then it can be seen that h must have different orientations on Oe 
and Or> since h has different orientations on Bd(0,) = 2 and 
. Thus we have a contradiction to Lemma 1.16 and h must 


Bd(0,) = Ch 


be orientation preserving or reversing on all the boundary curves. y 


of 
Remark 1.18. By Theorem 1.17 we can see that HM) oe 3 (M) for 


any integer t > 0. 
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CHAPTER II 


HOMEOTOPY GROUPS 


In this chapter we calculate the homeotopy and isotopy groups 


of the orientable 2-manifold with boundary. 


We extend the concept of the winding number defined in 
Chapter I to the 2-sphere with more than two boundary holes. In what 
follows we denote by A; an annulus in Int(M_) enclosing only one 


corresponding boundary hole Cc, and hy will denote an A, 
al 


homeomorphism of M supported on A, tor \lis i = nu. By Saving. that 
A. encloses one hole C, > we mean that A, can be shrunk onto the 
boundary curve C, and thus A, can be extended up to C, so that C, 


forms a boundary curve of the extended annulus A, while the other 


boundary remains fixed. 


Lemma 2.1. The homeomorphism h (1 <i< n) is isotopic.to the 


A, 


(Me). 


n 


Sf 


identity by an isotopy path in H 


Rroer: » Let A, be the extended annulus of A; to the boundary curve 


C.. Then ao =e on M _ A, 


and the isotopy in HM) is allowed. 


to move on the curve C.. Thus Lemma 1.12 implies that Ay awe is 
ah 


isotopic to the identity by an isotopy which moves on C; and is 


fixed on the other boundary of the annulus A,. Hence ny is isotopic 
i 


Z Gr 
to the identity on M in HOt) + y 


Lemma 2.2 (Lickorish [15]). Let Mo be a manifold obtained from the 


2-sphere by removing the interiors of n disjoint subdisks, and h be 
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a. 
a homeomorphism in HM). Then..h» is B-isotopic.to.a-sproduct .of 


A-homeomorphisms of M: 


Lemma 2.3. Let M, be a manifold defined in Lemma 2.2 and h bea 
homeomorphism in H'(M) where n> 3. Then up to an isotopy in 
HM), there is a unique homeomorphism LES H"(M_) such that 
h ¥ Bee ih HM ) and g is a product of A-homeomorphisms supported 


on the annuli enclosing more than one boundary hole. 


Proof: Let h be a homeomorphism in H'(M,). Then h is B-isotopic 
to a product of A-homeomorphisms by Lemma 2.2. We note that each 
annulus A, Gay <n) can be chosen so close to the boundary curve 
C, as to be disjoint from the other annuli defining the above 


A-homeomorphisms . 


We first observe that the lemma follows trivially for the 
case n= 3. Since all the possible annuli in Int(M,) can be 
regarded as the annuli A, (1 < i < 3) enclosing only one corresponding 


hole C, with A, aA, = ¢ for 1< i #4 j< 3, Lemma 2.2 implies that 


J 
every he H” (M,) is B-isotopic to a homeomorphism of the form 
ky k, k 


Heth hy i < 3) and thus the homeomorphism 
pny Bs ig 


for some integers k ik 


JA 


g is in fact the identity. 


Now let h be a homeomorphism in H'(M) where n> 4, 
Then h is B-isotopic to a product of A-homeomorphisms, some of which 


may be hy for 1< i<n. But since each annulus A. Clos on) 
af 
can be taken to be disjoint from the other annuli defining the 


eo 
A-homeomorphism, each ny can be deformed to the identity in HM) 
i 
by Lemma 2.1. Thus in the product of A-homeomorphisms, all 
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hy (1 < i <n) have been eliminated and the homeomorphism eg is 
i 


obtained. The uniqueness of such homeomorphism g follows trivially 


and the proof is complete. , 


Theorem 2.4. Let M be a manifold defined in Lemma 2.2 and h a 
homeomorphism in H'(M,). Then in the product of A-homeomorphisms which 


is B-isotopic to h, the exponent of the homeomorphism ny is unique 


i 


Proof: We assume n> 2 since otherwise every he H (M,) is B-isotopic 


(or equivalently hy ) and the 


x wi 


to a homeomorphism of the form hy 


theorem follows trivially. 


By Lemma 2.2 h is B-isotopic to a product of A-homeomorphisms. 
Without loss of generality we assume that h is B-isotopic to two 


different products of the following forms; 
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with ky # das where ky and de (l<i< n) are integers and g 


and g’ are products of A-homeomorphisms supported on the annuli 
enclosing more than one hole and B-isotopic to each other by Lemma 2.3. 
Since the annuli A, (1 < i <n) can be taken to be disjoint from the 
other annuli enclosing more than one hole, with A, n a => for 


1< i#j< n, the homeomorphisms ny commute with one another and 
a io i 


with the homeomorphisms g and g’. Also we note that as in the proof 
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of Lemma 2.3, the homeomorphisms g and g’ are the identity for the 


case n= 3, 


It is enough to consider an arc a connecting two boundary 


curves C, and C., with Int(a) ¢ Int(M ). Thus from the products 


(A) and (B), we need to consider only the reduced forms 


ek 
ceed Te aan, 
h hy g and hy hy g’, since A 


A, Ay 1 9 


disjoint from the arc a and the annuli enclosing more than one hole and 


4 (3 <1 <n) ‘cah be taken to be 


thus 
Kok Keak k 
hy hy g(a) = Ayia ony acs 
Da wai 2 n 
Vi 9M, rat Q 
Rea? : 
and hy hy 8? (2) = hy Dy sees has (a). 
1 2 ly ieee n 
We denote .a, = C, n.a and b, = B, na for i= 1: and 2 «where 
i i ab a 


BS is the external boundary curve of A.- Let a= [a,>b,], 


Oo, = [b, a5] and 8 = [b, »bo1- 


Figure 3 
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Then Theorem 1.8 implies that 
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which is a contradiction. Thus ky = hy and the exponent of Ay 
il 


must be unique in the product. Similarly it can be shown that the 


exponents of the other homeomorphisms hy are also unique for 


i 
We = aes Ne 


i 

- Definition 2.5. Let MO be a manifold obtained from the 2-sphere by 
removing the interiors of n disjoint subdisks and h bea 
homeomorphism in H'(M_). Suppose that h’ is a product of 
A-homeomorphisms which is B-isotopic to h. The winding number of h 
around each of the boundary holes Cc. is defined to be the exponent of 


in ‘theapmoduct oh iawn does not appear in 
2 uh 


the homeomorphism hy 


the product h’, the winding number of h around the boundary hole Cc. 
is defined to be zero. We denote by Wihs¢, ] the winding number of h 


around the boundary hole C,- 


Remark 2.6. If h is a homeomorphism in LE ee ley then h can be 
deformed to a homeomorphism 8, © H'(M_) by Lemma 1.13, where 81 


is a product of A-homeomorphisms including h, Cit een). Bute by 
Z 


Lemma 2.1 each of the homeomorphisms Ay » supported around the 
| a 
corresponding hole C; in the set of n-t holes, is isotopic to the 
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identity in Hee LD: Thus g, is further deformed to a homeomorphism 


n £ 
5 pH aM b i ; ° = 
g, ( » y an isotopy path in Ht such that Wle,sC,] 0 


for the n- t boundary holes C,. The winding number of h ¢« He.) 


around each of the t boundary holes Cc, is defined to be Wle,sC,]. 


In what follows M, will denote the manifold obtained from 


the 2-sphere by removing the interiors of three disjoint subdisks. 
Theorem 2.7. The isotopy group of H” (My) 1Se a) oo. 


Proof: We note that every he H” (M,) is B-isotopic.to a product of 


A-homeomorphisms and as in the proof of Lemma 2.3, h is B-isotopic 


ky Ky k, 
to a homeomorphism of the form hy hy hy for some integers k, 
leeZ7*e3 
eter ck 
(1 < 4< 3). Thus we have JS tem )] # J Uh 1, a 33) where by 
El ce 3 A, A, A, 


Theorem 2.4 any two homeomorphisms of the form 


kKuetke ok 
h 1, having different exponents of h are not B-isotopic to 
An Ag tA A 

ogee ere i 
each other. But each hy generates the isotopy group J classified 

Lak 
by the winding numbers W[h aK ie Since. ‘A; fea. @ Oo. for 
A, a i, 5 


1< i-#j< 3, the homeomorphisms h, (1 < i < 3) commute with one 
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the theorem follows. » 


Lemma 2.8. If a homomorphism 9 of a group G onto a group G’ 
induces an isomorphism with G’ of a normal subgroup N of G, then 


G¥ ker ¢ x N. 
Proof: This is Theorem 3 on page 112 of [25]. 
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Proof: We first observe that every h « Hy (OM is isotopic to the 


3) 
; ; ; 7 
identity in H,(M,). By Lemma 1.13 h is isotopic to a homeomorphism 


3 
geuH (M3) and g is B-isotopic to a homeomorphism of the form 


ke kp ik 


4 ah; 3 
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2 
: hy for some integers k, (1 < i < 3). But by Lemma 2.1 each 
273 EE ROT 
kK. 
hy can be deformed to the identity by rotating the boundary curve C; 
al 
through O to 2(-k,)r. Hence g (and thus h) is isotopic to the 


identity in Hy (M and thus the homeotopy group is 


3) 
H(M,) 

+ 
H, (M,) 


To compute the homeotopy group, we note that 
+ + + 
Hae) Sea i= ther (M,)[h(C,)#C, for some i} 
and express the representative homeomorphism of each isotopy class 


in H” (My) in terms of a linear transformation. Without loss of 


generality we consider the unit 2-sphere where the boundary holes 


- el) = 
have centers (1,;0,0), a, »0) and (> > = ,0) with the same 
small radius. In Figure 3 we denote ha = line passing through 
1 v3 -1 -v3 Ret: 1 -v3 
(F > > 29) and Ee 7 99) he = line passing through G joe 
-1 ¥3 
and (> > > «20)- 
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In’ ¢H (M,) there are six representative homeomorphisms as 


follows. 
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Te = 0 al 0 = (C,)(C,) (C,) 5 The identity. 
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Observing that Ty and T, generate the other four homeomorphisms 


T, ver <6); 


we see that T = [i | i < i<.6} is a group 53> the symmetric group 


on three letters. Hence 
H(M,) F 
Fo (TALE GL] foie enters Top at bce ge 
H. (M,) aS 3 
oP iss) 
Hj(M3) H” (M,) 
Forther we-note that:,——— = J by Theorem: 1.17, and “—~-_—._ ,and 
HM) =? He (M,) 
3 3 Snes 
HM.) 
re are normal subgroups of the homeotopy group AY (M3) since 
H” (M,) and H, (M,) are normal subgroups of H(M,). 
+ 
AG) He) 
3 
Now we show that A (M,) se an . Let 96 
HO (Ms). SCM) 
Jat 3 7/3 4 
H(M;} H(M,) /H,(M,) 
be the canonical homomorphism from —~ CUto: ompeehiann. > 
Hy (M,) H (M,) /H, (M3) 
H(M3) a P 
where the range is isomorphic to = Jo. Then it can be seen 
Ht(M,) 
3 
H, (M,) 
that the image of a under $ contains two different elements. 
H, (M,) 
H (M, ) 
Thus induces an isomorphism of, yr nent its range. Hence by 


H, (M,) 
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applying Lemma 2.8, we obtain 


+ 
04, i H(M, ) F H (M,) 4 H, (4) * 
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H, (My ) H, (M,) H (M,) 


Theorem 2.10. The isotopy group of H, (M,) is J, x Jos where 


Hy@,) = theH(M,) | h(C,)=C,}. 

Ge ; 
Proof: We note that S [Hj (M5) ] = [e] in SCE: since as in the 
proof of Theorem 2.9, every he Hy (M) is isotopic.to the identity 
in H, (M,) and Hy (M, 1) tc H, (M,) c H(M,) Thus it is enough to calculate 
the isotopy classes of the subspace H, (M3) - Hy (M,). We divide 


+ 
H, (M3) - H,(M,) = K U K, U Ky5 where 


rh om 
Ry ne | h(C,)=C,} 
K,, = H,(M,) 
and K, = {heH, (M,) | h(C,)=C,}. 


Then it can be seen that each K, (Il < i < 3) is generated by one 
representative homeomorphism qT; of K, and homeomorphisms in 

+ ’ -1 + k 

H, (M3), since for every h, & K.> i T, h, € H, (M,) and he Ty Bs 


Thus we need to consider only the representative homeomorphisms. 


We express the representative homeomorphism qT, of each K 
in terms of a linear transformation. Without loss of generality we 


also consider the unit 2-sphere where the boundary holes have centers 


G1..0 30% ot — ,0) and (> 8 ,0) with the same small radius. 
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Then each T; is expressed as follows. 


ul 0 
Rotation through 180° 
Ty = 0 -1 0 = (CC) (C,)3 
0 1 around x-axis 
i 0 
T, = 0 ae 0 = (C,)(C,) (C3) 5 Reflection in xy-plane 
0 0 -1 
0 
T, = 0) -1 0 = (CC) (C,)5 Reflection in xz-plane. 
0 0 1 


We note that the class K, is generated by Ky and Ky since 


Y = 
T., = TAT): Hence the isotopy classes of H, (M,) - H,(M 


generated by the classes of Ky and Ky» each of which generates a 


3? are 


group J,- 
Now we show that the isotopy group S [H, 04) ] is the 

direct product of the groups generated by the isotopy classes of Ky 

and) Ka. -Let G, be the group generated by the isotopy class of Ky 


2 


for i= 1 and 2. Then by the above arguments, 
HY 5 = = ‘ 
S 1H, CH) G, ° G, = 1818, | g,eG,, i 152} 


Further observing that G, 9 G, = {[e]} ‘and each G, is a normal 
subgroup of STH, 4) 1, we have uf THe (M,)) m G, x G, and thus the 


isotopy group is J, x Jo. r 
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Th Die dle = = 
eorem 2.11. f[H,(M,)] = f[H,(M,)] = J). 
Proof: This follows from Theorem 1.17 since Hy (M,) = H(M3). 


Theorem 2.12. The isotopy group of HM) is J, where 


d + 
H,(M,) = {heH (M,) | h=e on C, and h(Cy)=eC, for d=1,2}). 


1 
Proof: By Remark 2.6 it can be seen that the isotopy group 


All i 
STH M,) 1] is J classified by the winding numbers {w[h3C,] | hel, (M,)}. 


Theorem 2.13. The isotopy group of. A” (M,) is J x J, where 


2 
H (M.) = fheH(M,) | h=e on C,uc,}. 


Proof: We first note that H” (M,) © H (Mg) and every he H (M,) 

can be deformed to a homeomorphism in H” (M,) by an isotopy path in 
H”(M,). But the isotopy in H’ (M,) is allowed to move on the boundary 
curve C,. Thus by a similar argument as in the proof of Theorem 2.3, 


} 


we see that every he H” (M,) is isotopic to a homeomorphism of the 


form h,h for some integers ky and Kae Hence 
9 


S tH?) ] ¥ Stn, vn ee eJH, 


k, k 
where any two homeomorphisms of the form aay a having different 


ae 
2 
exponents of hy are not isotopic to each other in H (M,). Thus we 
: 


1. ke 
see that Sting hy Aa = J x J and the theorem follows. y 
7 a’) 


Now we consider the homeotopy and isotopy groups of the 


orientable 2-manifold with n boundary holes. 


Lemma 2.14. Let HM? and Ho hy? be the identity components 
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of H(M_) and H(t) respectively. Then HOM? Hon: 
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Peeofs. Wa: nee cthatithi heleecevin HO), then h¥e in H(M). 


Thus: Ho e H(t) 


Conversely, observe that no homeomorphism in H (M,) or 
HOM) ~ HQ ) can belong to Hi Gt)» Thus every he HOt? must 
fix the boundary curves setwise with orientation preserved and thus 
belongs to HM). Further we note that any homeomorphism isotopic 
to the identity must have its isotopy path in HOM) » Thus every 
homeomorphism, which is isotopic to the identity in H(M) > must belong 


s ; 
to Ho Mt: Hence Ho My? > HOM) and the proof is complete. , 


Theorem 2.15. Let M be an orientable 2-manifold with n boundary 
holes. Then the homeotopy group Af (Mu) is homomorphic to Sn x J, 


with the kernel S (HO). 
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Proof: Let $ be the canonical homomorphism from err nis onto 
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H(M_) 
Let be the canonical homomorphism from Et ORO 
Hs(M ) 
en 
+ 
HM) /H_ OM) HOM) 
tala wa, poem Lt can be-geen thattthe image of aD under 
HM) /H"(o_) HM) 
reps aR ole 6) mn 0 
p contains two difference elements. Thus yw induces an isomorphism 
HOt) : 
of is onto the range of yp. Thus by applying Lemma 2.8, we 
H_(M_) 
neuen 
obtain 


+ 

H(M_) H (M_) ; H_ (M vs 
+ + 
A Be eked 


and the proof is complete. » 


Theorem 2.16. Let M be an orientable 2-manifold with n boundary 
holes. Then the isotopy group of HO? is homomorphic to setite x J 
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homomorphism from {> onto ah eae . Then by a similar 
HOt) HOM) JBM) 


argument as in the proof of Theorem 2.15, we can see that wp induces 


H_(M_) 
an isomorphism of the normal subgroup ar = onto the range of yp. 
H (M_) 
ae ant 
Thus we have 
HM) . HO) = HOt), | 
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HM) HGL) # QL) 


This completes the proof. 


Theorem 2.17. Let M be an orientable 2-manifold with n boundary 


holes. Then the isotopy group of HM ) is homomorphic to the 


symmetric group SiGe) with the kernel J tat H- 2d. 
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CHAPTER III 


AUTOMORPHISMS OF THE FUNDAMENTAL GROUP 


In this chapter we consider homeomorphisms of the manifold MO 
pitainea from the 2-sphere by removing the interiors of n disjoint 
subdisks. We denote by Qn, (M sx, the group of automorphisms of 
the homotopy group 7, (M50) A homeomorphism h ¢« H(M »X 6) >» the 
isotropy group at the point x & M> induces an automorphism hy in 
Cin, (Mx) 1]. Thus H(M »x,) Bee a representation a : h > hy as a 
group of automorphisms of 7 (4 5X0) Furthermore, if he HOM 9% 5) » 
the identity component of H(M »X,)>5 then an arc from h_ to the 
identity in H(M 5X4) provides a homotopy of h(y) with y where 


ly]. € TM 2%) » and hence hy is the identity automorphism of 


m1 (4 5&0)» Thus a induces a representation 


ay ? STH 2) D> QI, OM ox) 
of the isotopy group S (HOt, .x,)] as a subgroup of automorphisms 
of T™ (Mx) 


Thus we can define a homomorphism 
6: SHOL,x.)] > Qin, x,)] 


by $([h]) = hy ¢ Q(t, (M»x)], where hy(y) = [h(y)] © 7, (x) 
for any y in a homotopy class [y] ¢« 7, (MX): The domain of the 
homomorphism 9 will be taken to be the isotopy groups of various 


subspaces of HM, 5x.) Throughout this chapter we assume that the 
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33's 
base point Xo is on the boundary curve c. and 
id. + 
Ho ty? = {heH (i) | h=e on Cite By using the homomorphism 96 , 


we describe the isotopy groups of certain subspaces of H(M). 


Theorem 3.1. Let h be a homeomorphism in H'(M_). Then h induces 
the identity automorphism hy Eeh of the homotopy group 7, Qt x) 
if and only if h is B-isotopic to a product of the homeomorphisms 


ay (15s si neal) 


Proof: For the n- 1 generators of 7, (1 +x) > we take the closed 


paths Ye (1 < i<n- 1) which are obtained by tracing the arcs 


eee Le ae aEaMee _ 
X44» a.a., aib;, bib, and bX with iy n Ys n [Int(M_)] d 


for’, *:) -aesin- Figure. 5. 


Figure 5 


Now assuming that h is B-isotopic to a product of 


h, (ls isn- 1), we show that hy = ey € (Alm, (M »x J]. It is 
i 
sufficient to consider the product of the homeomorphisms Hy : 
al 


Define the annuli A, around the corresponding boundary holes Cc. 
for 1< i<n-1 so small that the annuli A, do not meet any of 


the generators Vs and Bd(M_)- Then it-is clear that 
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ny CY 5) os Y; for 1< i, j < n- 1 and-thus the product induces the 
i 


identity aut : = 6 i 
ntity automorphism. Thus hy y in (In, (M 4x) 1. 


Conversely, letting h be a homeomorphism in H'(M) such 
that hy = ey, we show by an induction on n that h is B-isotopic 


to a product of Ay (l<i<n-1). We first note that the theorem 
i 


follows trivially for the case n= 2. Now assuming that our theorem 


is true for n =k, we prove it for n=k+1 where the base point Xo 


is assumed to be on the boundary curve Cd as in Figure 5. By our 


assumption we have h(y,) HOSS keeping the parts X84 and YX 


2) Fab 0b b and 


held fixed for 1< i< k. Denote is Di jouae ag kk iS k 


= VE U by ay ‘ 


b, held fixed and thus these two arcs are ambient isotopic by a 


Then h(y,) feta keeping the end points a and 


B-isotopy, so there is an isotopy C.. : Mey Be Mee? Ove ott 45 sach 
1 


that G) =e on M , and a) h=e on y,. Now let M} be the 
closed annulus defined by C.. and cee » and M, = (MM) U Yee 
Then raw My is a homeomorphism of My such that orth | M, € H(M?). 
Now observe that (Gy*h) y is the identity automorphism of 7, Qt, x). 
We first note that errh(y,) c M, forss ides ¢.< kab, sinee each 

ines My and cyth | € HS(M2). Let B be a narrow band around the 
arc Vie such that Bo [y,ue, h(y,)] ep EOre LL sed ac Koes es Let 

g be a homeomorphism from Md U [Int(C, )] onto My such that 
g(MjuBu[Int(C, )]) =B and g=e on Med = (M5 UB) = My - B. Then 
since Ya = oyrh(y,) on Mead U [Int(Cc,)] fOr slate kei, we 

have gly.) = gc) h(y,) on g(M,ulint (Cc, ) J) = My But since 

g =e on M, - B, Ya 2 say on M. for lec de kn end 


hence Care is the identity automorphism of 7, (My 5%)» Thus by 
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our assumption G, h | My is B-isotopic.to a product of hy 


cf 
Ghaxtebio@les i)e coh M On the other hand, crth | M5 is also a 


homeomorphism of M3} such that eit ee E HR). Thus Gyth ae 


is B-isotopic to a homeomorphism supported on an annulus AL around 


the b : Totes 
e boundary hole C.. such that A. = Int (M)). Hence G, hicks .@ 


homeomorphism of Moy = M,. ) M, which is B-isotopic to a product of 


ha Clas iy = Ak) oon May: But since Gyn is B=isotopic to h by 


ag 


Lemma 1.4, h is also B-isotopic to a product of h (oa ane 


Ay 


Thus the theorem is proved for any integer n > Ley 


Theorem 3.2. The kernel of the homomorphism 9 is ae ot if the 


domain of 9 is taken to be JS (HP) 1. 


Proof: By Theorem 3.1 we know that only the homeomorphisms h, which 


are B-isotopic to the products of the homeomorphisms ny Giese ies 2s 
ss 


induce the identity automorphism of 7, (MX) But each hy 
oh 


generates the isotopy classes J classified by the winding number 


W{h;C, ] for 1< i<n- 1, and thus the kernel of the homomorphism 


: n-l 
do is J i 


Corollary 3.3. Let h be a homeomorphism in HM) which induces 
the identity automorphism of 7, 4 x5) » Then h is isotopic to the 
; : ; 1 

identity in Hoi? 

Proof: By Theorem 3.1, h is B-isotopic to a product of the 


homeomorphisms hy (dosel x Deel) sO M- But by Lemma 2.1, 
i 


each hy in the B-isotopic product of h can be deformed to the 
i 


identity by rotating the corresponding boundary curve C, through 
0 to 2(-m,)1 where m, = W[hsC, ] for 1 3e-en + nue he 
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Corollary 3.4. Let h be a homeomorphism in HM). Then h is 


isotopic.to the identity in Bi (M if and only if h is B-isotopic 


i 


to a product of the homeomorphisms hy Cd Scot Soe ls), 
al 
Proof: Assume that h is B-isotopic.to a product of the homeomorphisms 


hy (1 < i<n- 1). Then Theorem 3.1 implies that h induces the 
a 


identity automorphism of m4 s%0)- Thus by Corollary 3.3, we can see 


that h is isotopic to the identity in Biko (Maida 


Conversely, since h is isotopic to the identity, an are from 
h to the identity in Hj (M) provides a homotopy of h(y) with y 
for any loop y in. [y] « 7, (ML sx 0) Thus we have hy = ey ste) 


Min (Mx) ] and the corollary is proved by Theorem 3.1. , 


a 
Theorem 3.5. The homomorphism 94 is an isomorphism of S tH 4) 
1 
onto 6(S[H._,()1) ¢ Qin, Mx.) 1. 


Proof: We need to show that the kernel of 9$ is the isotopy class 
fep* in JS tHe 4,1. By Theorem 3.1 it is clear that the kernel of 
@ is the collection of the classes [h] of the homeomorphisms h 
which are isotopic to the products of the homeomorphisms Dy 
a 
(1 <i<n-1) by the isotopy paths in HY 5 (ML). But: by Corollary 3.4, 
any of such products can be deformed to the identity and hence every 
1 
h such that [h] e« ker ¢ is isotopic. to the identity in HM 
Thus ker ¢ = {[e]} ¢ Sf tH, 4101 and the homomorphism ¢ is a 
monomorphism, which implies that $ is an isomorphism onto 
1 
(STH, (M1) +, 
| % 
Theorem 3.6. For the two different domains Ste (M2) and 


Sf THT the homomorphism $ induces an isomorphism; 
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SPMD § oC Stat, 1) in Qin Ot.x 1. 


Proof: We observe that 


S THRO ISK) ~ StH, 1) (A) 


where K is the collection of the homeomorphisms in HM.) which 


are B-isotopic to the products of the homeomorphisms ha Glefiv< te 1). 
3 


Define a homomorphism 
n 1 
ve SOL) + Sf [a] 


by vCTh] ) = {h],. where cn} and [h], are the isotopy classes 

of the homeomorphism h in S [Ht] and Ota ery respectively. 
Then w is an epimorphism and ker yp = J [K] by Corollary 3.4. Thus 
the relation (A) follows by the isomorphism induced by yp. But by 
Theorem 3.1, only the homeomorphisms h in K induce the identity 


automorphism of the homotopy group 7, (4 x5) >» and thus 

S HPD /S TKI = 9 (STEP OLD) (B) 
On the other hand, by Theorem 3.5 we have 

S tHe, )1 © 9 (StH_ HD (0) 


Combining the expressions (A), (B) and (C), the theorem is established. , 
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to the identity in HO) if and only if h is B-isotopic to a 


product of the homeomorphisms hy G's Lin< gn). 
i 


Proof: We assume n> 3 since otherwise the theorem is trivial. It 
is sufficient to consider only the products of A-homeomorphisms for all 


possible annuli A by Lemma 2.2. We note that a product h of 


Ay (l< i< n) is isotopic to the identity in HM), since by 


af 
Lemma 2.1, each hy can be deformed to the identity by rotating the 
4 
corresponding boundary curve Cc, through 0O to 2(—m,)1 where 
nm, = Wlh;c,]. 


To prove the converse, let h be a product of A-homeomorphisms 


of the form 


ic 
en he oe ho HED en: 
1 Seteyy n-l “n 


where g is a homeomorphism which cannot be factored in such a way as to 


contain only the homeomorphisms hy to some powers. Then by the 
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above arguments, we have 


kee , Jk 
n=l, ay. 


eee 


TG 
Lhiz n-l on 


in HM). Thus it is enough to consider only the homeomorphism g. 
Now assume that ge in H'(M.). Then the isotopy Gi» Ole Ls, 
between g and e in H”(M_) nee a ae a rotation of the boundary 
curves, since CG. must keep each of the boundary curves held fixed 


setwise. Now we construct an isotopy H,. which agrees with G, on 


C and is the identity outside the annulus AL for Onent 1; 
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suk 
where Hy ® H, =e. Then H. G., 0< t< 1, is an isotopy in 


Ll 


-l -l 
‘acai a between Ho Go =e and Hy G, =e. Thus the fact that 


nu ' as N 1 
gue in HM. would imply that ge in Hoo Ct) 
Corollary 3.4 then implies that g must be a product of the 


homeomorphism hy (l<i<n- 1). This is a contradiction to our 


i 
assumption and g (and thus h) is not isotopic to the identity in 


+ 
HOt) Hence we can see that only the products of hy < 
i 


are isotopic.to the identity in HM), and the proof is complete. y 


Theorem 3.8. For the homomorphism 94 , we have 
- %\ 1 
S tahoe] = 6 StHe_, 10/5. 


Proof: As in the proof of Theorem 3.6, we define a similar homomorphism 
: StH, 1% )] > Si (M, )]. Then yp dis an epimorphism and the 

kernel of wp is the collection of the classes [h] of the 

homeomorphisms h isotopic to the products of Ay Cee iy Sn). DY, 

the isotopy paths in HM), since a, M) S ut On) and such 

products are isotopic to the identity in HM) by Lemma 3.7. The 

isotopy classes of the kernel of y are J. classified by the 

winding numbers {W[h3C_ } | [h]eker vw}. Thus we have 


ft, (M ))/ = StH (M, )], and the theorem follows by Theorem 3.5. “4 
ut ae + 
Theorem 3.9. f[H (4 )] = 3 x StH (4) 1. 


1 % + 
Proof: In the proof of Theorem 3.8, we had S TH 1/3 = Se 1. 
We show that the homomorphism » , defined in the proof of Theorem 3.8, 
ak 
induces an isomorphism of a normal subgroup of S (He 04) onto 


S tHE) 1. Let N = {thle fH pu! | Wihsc_]=0}. Then N is 
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learl 
clearly a normal subgroup of [HM]. We note that the only 
difference between the isotopies in the two subspaces HTM) and 
1 : 
Hi? is the deformation on the boundary curve Cc. Every 
=e 
he HOt) can be deformed to a homeomorphism he by an isotopy path 
, te 
in HM) such that Ay =e on Cc. aq Wh 3c] = 0 and 
hence [ho] e N. Thus the restricted homomorphism jp’ = v | N is an 


epimorphism. 


Further we observe that y’* is a monomorphism. By a similar. 
argument as in the proof of Theorem 3.8, the kernel of yp’ is the 
collection of the isotopy classes [h] in N where the homeomorphisms 
h are isotopic to the products of hy (ls i <n). byathe isotopy 


a 
paths in a (4). But every h such that [h] « ker wv’ does not 


contain hy in its isotopic product since w{hsC_] = 0, and thus it 
n 
is isotopic.to the identity in ay 5 (M) by Corollary 3.4. Thus we 


have ker wv’ = [e] in N and wb induces an isomorphism yp’ of the 
+ 
normal subgroup N _ onto J ta Ory): Hence the proof is complete by 


Lemma 2.8.4 
Theorenr3210. S tH) J = Stem )1/s". 


Proof: As in the proof of Theorem 3.6, we define a similar 
homomorphism yp : S tH) ] = Siw (M,) 1. Then by Lemma 3.7, the 
kernel of wy is the collection of the classes [h] of the 
homeomorphisms h which are B-isotopic to the products of 


h (1 < i<n). The isotopy classes of the kernel of yp are de 


Ay 


classified by the winding numbers {w[h3C,] | [hleker p, l<i<n}. 
n n 
Thus the homomorphism y induces an isomorphism of S (x (MIS 


onto S THM) 1 
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Theorem 3.11, S tH) es StH) 1. 


Proof: Define a normal subgroup N of SJ (Ha) 1, 

N = (thle fH" )] | W[h3C, ]=0, 1 < i< n}. We show that the 
homomorphism wp , defined in the proof of Theorem 3.10, induces an 
isomorphism of N_ onto S tH) 1. First we note that every 

h ¢ HO) can be deformed to a homeomorphism he such that he = @ 
on C, and Wh sc, ] = 0 for 1< i<n and hence [ho] e N. Thus 
the restricted homomorphism jp’ = v | N is an epimorphism. Further 
observe that y* is a monomorphism. By Lemma 3.7 the kernel of jy’ 
is the collection of the isotopy classes [h] in N _ where the 


homeomorphisms h are B-isotopic to the products of hy Beias 
i. 


But every h such that [h] ¢« ker ~’ does not contain any hy in its 
a 


B-isotopic product since W[h;C,] = 0 for 1< i<n, and thus it is 
in fact B-isotopic to the identity. Thus we have ker y’ = [e] in 

N and yp’ is a monomorphism. Hence the homomorphism yp induces an 
isomorphism ’ of the normal subgroup N onto the isotopy group 


S tata )] and the theorem follows by Lemma 2.8 and Theorem 3.10. 
nu on # 


ll 
Theorem 3.12. S tH) ] = ker o x (STH), where the kernel 


of o is defined on the domain SJ tH) 1. 


We 


Proof: S tH) ies S (HTM) (by Theorem 3.11) 


a Sot 8 deen Mad 
= ee x { StH (1) (by Theorem 3.9) 
=o) x o(S[H_,(4)1) (by Theorem 3.5) 


ker > x o(S[H._,(M)]) (by Theorem 3.2). 


He 


nw t t : 
Theorem 3.13. S (HE (YJ = S gc) My? el} where mtt=n. 


Proof: Define a homomorphism 
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t . t 
ys Stary) +S Hon Ot] 


* * 
by w([h] ) = [h],, where [h] and [h], are the isotopy classes of. 
: t t , 
the homeomorphism h in S [HOD] and SF wc) Hay) respectively. 
Then wt is an epimorphism and the kernel of w is the collection of 
the classes [h] of the homeomorphisms h isotopic to the products 
of IN (1 <i<n) by the.isotepy paths in H-(M_), since 


af 


= 
H (M) = HOM) and such products are isotopic to the identity in 


Hee S)ate H(M_) by Lemma 3.7. We note that JI : {ker y] = x° 


n 
ane 
classified by the winding numbers {WEh3C,] | [h]eker y} for each of 
t pete t 

the t bound . = : 

e oundary holes C; Thus S tHE) 1/3 FD) 

Now define a normal subgroup N of the isotopy group 
c ia 

S tHE, N= {thleStu'at)] | wihsc,]=0 for the t holes C,}. 

We note that every isotopy class [h] in Ser ) (HO) contains 

n 
a homeomorphism h_ « Ht (Mm y such that Wih-:C,] = 0 for each of 
fo) Morn Cire 

the t boundary holes Cy > since the isotopy in H(M) is allowed 

to rotate each of the boundary curves. But [ho] belongs to the normal 
subgroup N and thus the restricted homomorphism yp’ = v | N is an 
epimorphism. Further we can see that y’ is a monomorphism. By the 
above arguments, the kernel of wp’ is the collection of the classes 

[h] in N where the homeomorphisms h are isotopic to the products 

3 
of h (1 < i< n) by the isotopy paths in HOM): But every h 
i 
such that [h] e« ker ~’ does not contain any hy in its isotopic 
al 
product since W{hsC, ] = 0, where the annuli A, are determined 


around each of the t boundary holes, and thus it is isotopic to the 


identity in H-(M). Thus ker y’ = [e] in N and yp induces an 
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isomorphism ~’ of the normal subgroup N onto S THEO 1. Hence 


the proof is complete by Lemma 2.8.4 


CHAPTER IV 


LSOTROPY GROUPS 


Let H(X,x) denote the group of homeomorphisms of X 
which leave the point x « X fixed. This group is called the 
isotropy group at x. In this chapter we compute the isotopy groups 
of various isotropy groups. Further by using the homeotopy exact 
sequence, we calculate the nth homeotopy groups of a certain 


isotropy group. 


Lemma 4.1 (McCarty [17]). If M is a manifold with or without 
boundary and x e« Int(M), then H(M) is a fiber bundle over Int(M) 


with projection P : h > H(x) and fiber H(M,x). 


If M dis a manifold with or without boundary and 
x € Int(M), the homotopy sequence of the bundle H(M) is exact 
(Definition 3.2; [17]). Thus with the notation of [13], McCarty 
obtained ene following exact sequence which is called the homeotopy 


sequence of M, 


dy  ) Ey 
i T yey MX) > 7 THOM, x) | > m7 (tHCM) | > m (Mx) Bass 


Pe dx ix Py 
a a 7, Q4,x) > T (HM, x) | > Tm) LH) J > 0. 


; ig 
Lemma 4.2 (Epstein [6]). Let fo? fo be imbeddings of S in 
L 


1 
Int(M) such that fo x fy Sn, see EE f(s ) does not 


bound a disk or Mobius band in M, then there is an ambient isotopy 


between fo and fo keeping the base point fixed and which is fixed 
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outside a compact subset of Int(M). 


In what follows A will denote an annulus which we take as 


the cylinder st x I with the notations Ci = st x 0 and C, = Oe x dy 


Theorem 4.3. The isotopy group of H(A,a) is J, x Jo where 

€@ e Int(A). 

Proof:. Let a be the point (0,5). Let S be the subspace of the 
homeomorphisms in H’ (A,a) which do not interchange the boundary curves 
Cy and Cos We first show that every heS is isotopic to the 
identity in» S,. Let y be the-closed are So x 


Dole 


in A. Then it 

is clear that h(y) does not bound a disk or Mobius band, and 

h(y) = y fixing the point a since the homotopy group 7, (Asa) = J 
has only the identity and inverse automorphisms and thus h_ must 
induce one identity automorphism of 7, (Asa). Thus Lemma 4.2 implies 


that there is an ambient isotopy CG. [CA g abs As 9a COs (ty aL) sSueh 


and G, =h on y .: Denote. A, = a x [0,5] and 


that Gp =e 1 l 
iL A t -1,. -1_ | ny 
A, = S” x [5 sus, Sinee Gy h =e on y , we have G, h | A, ve 
on A, for i= 1 and 2. by Lemma 1.12, where the isotopies are the 
identity on the closed arc y = A, n A, and move only on the boundary 


=i - 
curves Cy and Cy respectively. Thus CG, hve on A®& Ay U Ays 


which implies that h is isotopic. to the identity in S. 


= 
Now to compute the isotopy group, we.note that H (A,a) 


forms a normal subgroup of H(A,a) and 


H’(A,a) - S = {hel (A,a) | h(C,)=C,}. 


We 


Thus Sin Gea) ) = H*(A,a)/S Jos Further we note that 


(inl 20 I9a8dve s>onqe0s a-—obie: 
Te 


ee oilsd ev doliw evlsnoe nb sicnsh £tiw A awobio? secu at _ 
> % ce , ic 


Lx 8 * 9 bes 0 x 25 2 ancliston' sds ditty I x 


g £ 
y i A r » ay ~ keg 7 ‘anal 
3 co ob ef (S.4)H 2o quexg yqotost sdi .£.8 ge 
5 . 
2 (A) 
7 <i | 
‘ ; sie 
oid 3¢ esedadue afd sd 2. ta (0) iniog’ eas od gs: ‘jed 


bre ,birsd aidoM to xelb a baved 30g BS0b Gye Bade» 
7 f , t J _ ay > 


t 4 a > : 2 ews : , ive ; 
Le (aA) 7” Guemg yqovemod ert oogte. &§ Jntdq sdt galeee ys 
‘9 oc on a J : 

Jeum od oud ‘Bea emetiqtomius sarsvnk bas vitsznebt edd 


smbiom: ©. A deset air pam un wy ms oa 
eoliqmi S$.) somal audi » CBA) 1 tO i a olWe YViisge a Mi 


4 


isee ft 4 % a A : oe | Gr: > 
MSR Vi > I> OG) @ ke BAS. yqos0ar jasidus os ah svsilz ted 


D 


Bree [= nT « or on A iio _ i } nite q 
eds SE ae~j . ¢ ae ow) On Si) P| 7 no 1 ri 22 fis" bire Me r 5 —_ r 
, F. i 
Poe lhe ee eee al Oe im ; ) i: — 
ov yy? 18 8 Svan ow ~¥ 0 9S #1709 “sonra ~{t, < * 
¢ + ~ reer 4 2 ne pr i Sill ; : : - ; : e / J ¥ 
eat St& setgotost sf2 atenw .St.1 sams yd § bcos £,3 2 tot .s 


Visbosod odz ao yfito avom 


ugh x4 =A io 


& 
2 
a, 
“ 
cS 
ti 
: = 
bs) 
ey 
ie 
i) 
® 
| -} 
i 
s, 
=) 
= 
eo 
ps! 
ee 


; © . mt “ttinedt ens O73 olqetoet ab # Jala “san he 


= 


‘ ; 
A) . + ak ‘perety x 
(e.A) H Jent SION OW Georg tao: Soar sdJ xiao OJ. Se 


; a | » 8 - . ¢ 
Py J. VRE A)H ‘5 ‘quexgdye snare 9 lm ot 
Ses rm { 
rl, Rie Oe ve i's: | 
' - A. . 
i . ‘ } — p- 9 
AgOmG 9006 | Cady Had = 2 ~ Gey ab? 


: ay 


ar es 
“ah 


46, 
H (A,a) = £ e {HeCave)) and thus H(A,a) = {f,e} o Ae ane, where 
f is a representative homeomorphism in H (A,a), say a homeomorphism 
flipping the two boundary curves Cc and Co. But it can be seen 
thatei f(t] stels “ J, forms a normal subgroup of Sf (H(A, a)]. Thus 


we have 
S (H(A,a)] = Stu" (aya) x (LE, fel} = 3, x 3, 


and the proof is complete. , 


Lemma 4.4 (Arens [3]). If xX is a locally connected and compact 
Hausdorff space, then, for x e« X, H(X,x) is topologically isomorphic 


to H(X-x) and thus m LHX, x) J = 7 [H(X-x) ] fer n> 0: 


Corollary 4.5. The homeotopy group NM (A-a) is J, x J, where 


@ € IntA). 
Proof: This follows from Theorem 4.3 and Lemma 4.4. 


Remark 4.6. From the above corollary, it can be seen that if M is 
a manifold obtained from Ro by removing the interiors of two disjoint 


subdisks, then the homeotopy group of M is J, x Jos 
Theorem 4.7. The isotopy group of H, (A,a) is Jos where ae Int(A) 
and H,(A,a) = {heH(A,a) |n(C,)=c,, i=1,2}. 


Proof: Noting that no homeomorphism in H, (A, a) interchanges the 
boundary curves, we can prove the theorem by a similar argument as in 


the proof of Theorem 463.4 


1 
Theorem 4.8. The isotopy group of H (A,a) is J, where 


ae “Int (A)’ Sand Teleeg = {heH(A,a) | h*e on Cit. 
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Proof: Let’ a = (0,5) and y_ be the closed are st x= in <A. We 
denote A, = st x [0,5] and A, = st x [> 1. Note that 


HU é fice) by Theorem 1.17, since every he ut (Apa) is the 
identity (and thus orientation preserving) on the boundary curve C,- 
Thus by a similar argument as in the proof of Theorem 4.3, for every 

he Ace) there is a homeomorphism 9° € He (hoa) such that eg iS e 

on A and meta =e on yy. Lemma 1.12 implies that aah bas Xe 

on A, by an isotopy which is the identity on the closed are y and 
moves on the boundary curve C,. In Aj, since ech =e on 

Bd (A, ) = y U Ci» the isotopy classes of the restricted homeomorphisms 
eae J A,}s for all. he ache e) and the above defined homeomorphisms 
g, are J classified by the winding numbers {When oh: | A,3A,]}. But 

a homeomorphism ek such that dan A,3A,] #0 cannot be isotopic 
to the identity on A= A, ut A,, since the isotopy in HY (A,a) leaves 


i Zz 


C, u {a} pointwise fixed. Thus the isotopy classes of the collection 
of all such homeomorphisms aah: on A are J. But we have the 


relation VA cere = Oia a and thus the isotopy group is J. y 


Z 
Theorem 4.9. The isotopy group of H (A,a) is J x J, where 
ae Int(A) and Hae) = {heH(A,a) | h=e on C,uc,}. 


Proots Let a= (0,5) and y be the closed arc st x= in A. We 

denote A, = st x [0,5] and A, = st x [> 1. For every 

hee pote). there is a homeomorphism g such that g 5 e on A and 
g he on yu Cc, U Cc, by Lemma 4.2. Then for i= 1 and 2, the 
isotopy classes of the restricted homeomorphisms on A. fe *n | Ai}, 


Por set whe Ho (Ana) and the above defined homeomorphisms g, are J 


=I ane 
classified by the winding numbers {W[g “h | ApsA, 1). Thus the isotopy 
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classes of the collection of all such homeomorphisms S0 th on 
A® A, U A, are J x J. But we have the relation 


2 mY a] ee 
S tu (A,a)] = lite Thy] and thus the isotopy group is J x Jey 


Theorem 4.10 (Kneser [14]). Let D bea disk. Then 


J, if n#=0QO 
m fH(D) ] = wl if) n*< 1, 
0 Li aoe 


Theorem 4.11 (Quintas [20]). Let a be a point in the interior of a 


diske?D sw i Then 


J, timznca © 
m tH(,a)] = m ([H(D-a)] a J ife n= & 
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Lemma 4.12 (McCarty [17]). Let X bea locally connected and compact 
Hausdorff space, and H(X) be a bundle over X with projection P. 
Then the subgroup P,{7, (A(X) )] is the center of 7 (Xx). 

Theorem 4.13. Let. D. be a disk and a, x be two different points 
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a ss. ; a 
every he .H (D-a,x) is isotopic to the identity in H (D-a,x). 
ah i a 


be seen that h(y) does not bound a disk or Mobius band and h (y) = y 


l 
Denote y = S” x x eo st] and B= SS x (0,51. Then it can 


fixing the point x. Thus by Lemma 4.2, there is an ambient isotopy 


G, DS aemeor Due a, ex (Opsat. = )* such that Go =e and 
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CG. h =e on the arc y . Now observe that the restricted homeomorphism 


cy"h |B is isotopic to the identity on B. By Lemma 4.4 we can regard 


Gy h as a homeomorphism of a disk onto itself fixing one interior base 


point. Thus by Lemma 1.1, the homeomorphism a is isotopic to the 


identity on the disk by an isotopy fixing the base point and the boundary 


Y pointwise. In A, by Lemma 1.12 it can be seen that the restricted 
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isotopy fixing the closed, arc y pointwise and moving on the boundary 


homeomorphism G, h | A. is also isotopic to the identity on A by an 
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which completes the proof for the case n= 0. 
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For 7, [H(D-a,x) ] we consider the end of the exact sequence, 


ngpee tS 7, (D-a,x) > 7, [H(D-a,x) ] > 7, [H(D-a) J > 1, (D-a,x) 


> 7 )[H(D-a,x) J > 7) {H(D-a) ] > 0 


which is explicitly as follows. 
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In this sequence, by Lemma 4.12 we know that Pit, (H(@D-a))] is the 
center of 1, (D-a,x). But since 7, (D-a,x) = J is an abelian group, 


P is an epimorphism which implies that it is in fact an isomorphism. 
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Thus ker P= "0 “and i,[1, (H@-a,x))] = 0. Hence 
ker 1 == 7, [H(D-a,x)], and since d,[1, (D-a,x)] = 0, we obtain the 


result mw, [H(D-a,x) ] = Q. This completes the proof. , 
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